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Abstract

Biorthogonal spline wavelet transform method is proposed for
the numerical solution of integral and integro-differential
equations. It uses biorthogonal spline wavelet filter coefficients
matrix as a prolongation and restriction operators. The
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1. Introduction

Integral and integro-differential equations arise naturally in many applications in various fields
of science and engineering and also have been studied extensively both at the theoretical and practical
level. Specific applications of integral and integro-differential equations can be found in the
mathematical modelling of spatiotemporal developments, epidemic modelling [1] and various
biological and physical problems. Analytical solutions of integral and integro-differential equations,
however, either do not exist or it is often hard to find. It is precisely due to this fact that several
numerical methods have been developed for finding approximate solutions of integral and integro-
differential equations [2-4].

Multigrid method is well known among the fastest solution method. Particularly, for elliptic
problems, they have been proved to be highly accurate. Vectors from fine grids are transferred to
coarser grids with Restriction operator, while vectors are transferred from coarse grids to the finer
grids with a Prolongation operator. An introduction of multigrid method is found in Wesseling [5].
Multigrid Tutorial (Briggs [6] and Trottenberg et al. [7]), is helpful to get the basic ideas of multigrid
techniques. The multigrid method is largely applicable in increasing the efficiency of iterative
methods used to solve large system of algebraic equations resulted from discretization of the
differential equations and integral equations are applicable to solve numerically. Multigrid method
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has been applied for the numerical solution of different types of integral equations. Hackbusch [8, 9]
given the multigrid techniques and the integral equations from both theoretical and computational
points of views. Schippers [10, 11] used multigrid methods for boundary integral equations. Gaspar
[12] has given a new approach a fast multigrid solution of boundary integral equations. Lee [13] has
solved multigrid method for nonlinear integral equations. Paul [14], applied the multigrid algorithm
for solving integral equations.

Wavelet analysis is a new branch of mathematics and widely applied in signal analysis, image
processing and numerical analysis etc. The wavelet methods have proved to be very effective and
efficient tool for solving problems of mathematical calculus. In recent years, these methods have
attracted the interest of researchers of structural mechanics and many papers in this field are
published. In most papers the Daubechies wavelets are applied. These wavelets are orthogonal,
sufficiently smooth and have a compact support. Wavelet methods solve system of equations with
faster convergence and less computation cost. Recently, many authors (De Leon [15], Bujurke et al.
[16-18], Avudainayagam & vani [19]) have worked on wavelet multigrid methods for the solution
of differential equations. Shilralashetti et al. [20] has proposed the wavelet based decoupled method
for the investigation of surface roughness effects in elastohydrodynamic lubrication problems using
couple stress fluid. Also, Shilralashetti et al. [21] have introduced a new wavelet based full-
approximation scheme for the numerical solution of nonlinear elliptic partial differential equations.
Wang et al. [22] have applied a fast wavelet multigrid algorithm for the solution of electromagnetic
integral equations.

Biorthogonal wavelet basis were introduced by Cohen-Daubechies-Feauveau in order to obtain
wavelet pairs that are symmetric, regular and compactly supported. Unfortunately, this is
incompatible with the orthogonality requirement that has to be dropped altogether. Biorthogonal
wavelets build with splines are especially attractive because of their short support and regularity. So
it is called a “Biorthogonal Spline Wavelets” [23]. In the biorthogonal case, rather than having one
scaling and wavelet function, there are two scaling functions », &, that may generate different

multiresolution analysis, and accordingly two different wavelet functions y , 7 . But biorthogonal

wavelet based multigrid schemes are found to be effective [24]. Biorthogonal wavelet based
multigrid schemes provide some remedy in such challenging cases. Sweldens [25] highlighted
effectively the construction of biorthogonal wavelet filters for the solution of large class of ill-
conditioned system. The DBSWT matrix designed and implemented by Ruch and Fleet [26] for
decomposition and reconstruction of the given signals and images. Using these decomposition and
reconstruction matrices we introduced restriction and prolongation operators respectively in the
implementation of biorthogonal spline wavelet transform method (BSWTM). In this paper, we
applied biorthogonal spline wavelet transform method (BSWTM) for the numerical solution of
integral and integro-differential equations. Thus, the proposed method can be applied to a wide range
of science and engineering problems.

The organization of this paper is as follows. In section 2, properties of biorthogonal spline
wavelets are discussed. In Section 3, method of solution is discussed. In section 4, method of
implementation of numerical experiments and results. Finally, conclusion of the proposed work is
given in section 5.

2. Properties of Biorthogonal Wavelets
Discrete Biorthogonal Spline wavelet transform (DBSWT) matrix:
Let us consider the (5, 3) biorthogonal spline wavelet filter pair,

We have

~ x o~ A 2 N2 42

o (e.c,0)=| Y2 V2 2

4 2 4
and
CZ(C_2|C_11001C11C2): _ﬁ!_zig\/gaﬁl_\/i
8 4 4 4 8
To form the highpass filters, We have
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d, = (_1)k61—k and dk = (_1)kc1fk
The highpass filter pair dand d for the (5, 3) biorthogonal spline filter pair.

By Ny g g g g

dy =— ndd, =~ d, = =
0 2 4 T 4t 4

42 0

_ 8 y Yo
In this paper, we use the filter coefficients which are,
Low pass filter coefficients: C,, C4, Cy, Gy C)and High pass filter coefficients: d,, d,, d, for

decomposition matrix.

Low pass filter coefficients: €, =d,, ¢,=—-d,, ¢ =d,and High pass filter coefficients:
6_1 = —Cz,do =C, 61 = —CO,CT2 =C, d~3 =—C_, for reconstruction matrix.

The matrix formulation of the discrete biorthogonal spline wavelet transforms (DBSWT) plays an
important role in both biorthogonal spline wavelet transforms method (BSWTM) and biorthogonal
Spline wavelet full-approximation transform method (BSWFATM) for the numerical computations.
As we already know about the DBSWT matrix and its applications in the wavelet method and is
given in [26] as,

Decomposition matrix:

c, ¢ ¢ ¢, 0 O 00 c,

d d, 0 0 0 O 0 0 d,

O c, c, ¢c,c¢ ¢, ... 00O
D,=/0 d, d d, 0 O 00O

: . 00

¢ ¢, 0 0. 0 c, c, ¢

0O 0 0 0. 0d,d, d N

Reconstruction matrix:

¢, ¢ 0 0 0 O 00 ¢,

d, d, d, d, 0 O 00d,

O ¢,¢ ¢ 0 O 00O
R,=/0 d,d, d d,d, 00O

: " . 0 0

O 0 0 O 0 ¢,¢ ¢

d, d, 0 © 0d, d,d, -

Biorthogonal Spline Wavelet operators:

Using the above matrices, we introduced biorthogonal spline wavelet restriction and biorthogonal
spline wavelet prolongation operators respectively. i.e.,

Biorthogonal spline wavelet restriction operator:

c, ¢ ¢ ¢, 00 0 Oc,
d d, 0 000 0 0 d,
BSWT. = 0O c,c, ¢,¢ec ... 000
10 d, d, d, 00 000
00
00 ..0d,d d, 0 0 0 )n,,
2
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Biorthogonal spline wavelet prolongation operator:

& ¢ 0 0 0 O 00 ¢,
d, d, d, d,b 0 0 0 ... 0d,
0 €,¢6 € 0 0 000
BSWT,=|0 d, d, d, d, d, 0 00
0 6,6 € 00 00
0 d,d,dd,d, 0..0

%XN

Modified Discrete Biorthogonal Spline wavelet transform (MDBSWT) matrix:

Here, we developed MDBSWT matrix from DBSWT matrix in which by adding rows and columns
consecutively with diagonal element as 1, which is built as,

New decomposition matrix:

c,0c¢c, 0 c O c, O O 00O0c,O

0O 1.0 O O 0O0OOO

d 0 d, 0 .. O 0O0d, O

O 00 10 O O 00O0OO
MD,, =| : . :

c,c 0¢c O O 00 ¢, 0 ¢c,0¢c O

0O O O 01 0O

O 00O 0O d, 0d, 0 d,O0

0O O 0 00 O 1),

New reconstruction matrix:

¢, 0 g, 0 0O O O O 0 ¢,0

O1 o O ... O 0O O O

d,0d, O d, O d, ...00 O d,oO

O 0O 0O 1 0) O 0O O O
MR, =] : ’ :

0O O O ¢, 0 & 0O ¢ O

O O O .. O 1 O O

d, O d, O 00O d,0d, O d, o

O OO O 0o o 1),

Modified Biorthogonal Spline wavelet operators:

Using the above matrices, we introduced a new biorthogonal spline wavelet restriction and
prolongation operators respectively as,

New biorthogonal spline wavelet restriction operator:

c,0c,0c0O¢c, O 0O 0 c,0
0100 00 00
d,0d,0 00 .00 d,0
veswr |0 0010 00 .. .. 00
R 100c,0c,;0¢c0c0Oc O 00
00d,0 d0d, 00 ..... 0 00

00 ..04d,0d,0d, 0 O 00 )n,

N|Z2
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New biorthogonal spline wavelet prolongation operator:

&0 &0 0 0 ..00¢,0Y
010 0..00 ... .. 00
d,0d, 0d, 0 d, O 0d,o0
MBSWT, =0 00 1 0 O ... 0 O 0
00¢, 060 ¢ 0 O 0 0
0..0d,0d,0d, 0d,0d,0...0)n

—xN
2

3. Biorthogonal Spline Wavelet Transform Method (BSWTM) of solution

In this section, we approximate solution containing some error. There are many approaches to
minimize the error. Some of them are multigrid (MG) method, biorthogonal spline wavelet transform
method (BSWTM) and modified biorthogonal spline wavelet transform method (MBSWTM).
Consider the Volterra integral equations of the second kind,

t
u(t) = £ )+ [k(t,s)u(s)ds 0<t,s<1, (3.1)
Consider the Fredholm integral equation of the second kind,

u(t) = f(t)+jk(t,s)u(s)ds 0<t,s<1, (3.2)

where f(t) and the kernelsk (t, s) are assumed to be in L?(R) on the interval 0 <t,s <1.After

discretizing the integral equation through the trapezoidal discretization method (TDM) [27], we get
system of algebraic equations. Through this system we can write the system as

ie, (I-Kju=f= Au=Db (3.3
where A= (1 —K) is NxN coefficient matrix, b is N x1 matrix and U is N x1 matrix to be
determined.
Solving the system of equation (3.3) through the iterative method, we get the approximate solution
V ofU.ie.u=e+v=v=u—e, where € is (N x1 matrix) error to be determined.

Now we are discussing about the method of solution as follows.
From equation (3.3), we get the approximate solution V of U . Now we find the residual as

TN =[b]le_[A]N><N [V]le (3.4)

We reduce the matrices in the finer (N™ = 27) level to coarsest level using Wavelet Restriction
operator (BSWT,) and then construct the matrices back to finer level from the coarsest level using

Wavelet Prolongation operator (BSWT,).
From (3.4),

N2 = [BS\NT ]N/2><N [r]le (3'5)
and [A]N/2><N/2 [BSWT ]N/2><N [A]NXN [BSWTP]

Residual equation becomes, [ A]

NxN/2

N/2xN/2 [e]N/2><1 - [r]N/2><1

where e, ,, , isto be determined. Solve e, ,, , with initial guess ‘0’
From (3.5),
i = [BS\NT ]N/4><N/2[r]N/2><l (3.6)
and [A]N/4><N/4 [BSWT ]N/4><N/2 [A]N/ZXN/Z[BSVVTP]N/ZxNM
Then residual equation becomes, [A] . . [€]y/a0 =[] e
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Solve e,,,,, with initial guess ‘0’.
Continue the procedure up to the coarsest level, we have,

Ma = [BSWTR ]1><2 [r]le 37
and [A]m = [ BS\NTR ]1><2 [A]zxz [BS\NTP ]2><l

Residual equation is, [A]_[e]. , =[r].,

Solve e, exactly.
Now correct the solution
u2><1 = [e]le + [BS\NTP ]le [e]

1x1
Solve [A], ,[u],, =[r],., with initial guessu,,,.

Correct the solution
u4x1 = [e]4><1 + [ BS\NTP ]4><2 [U]

2x1
Solve [A], ,[u],, =[], with initial guessu,,,.

Continue the procedure up to the finer level,
Correct the solution

Unsa = [V]le + [ BSWT, ]NxN/Z [U]

N/2x1

Solve [A],., [u]\.. =[P],., with initial guess Uy, .

Uy, IS the required solution of system (3.3).

Similarly, the same procedure is applied for modified biorthogonal spline wavelet transform
method (MBSWTM) as explained in the above. Here, we use the modified wavelet intergrid
operators as given in section 2, instead of multigrid intergrid operators.

4. llustrative examples

In this section, we present numerical solution of integral and integro-differential equation to
demonstrate the capability of the proposed scheme using biorthogonal spline wavelet transform
method. The error function is presented to verify the accuracy and efficiency of the following
numerical results:

Error function = E_, =|u,(t)-u,(t)] . = \/i(ue (t)—u, )’

where U, and U, are exact and approximate solution respectively.

Test problem 4.1 Let us consider the linear VVolterra integral equation [28],
t

ut) =sint)- [ (t-s)u(s)ds  o<t,s<1, 4.1)

0
1, . . . . .
which has the exact solution u(t) =§(S|n(t)+smh(t)).The numerical solutions of Eq. (4.1) is

obtained through the method as explained in section 3 compared with the exact and existing
method are shown in table 1 and in the figure 1 for N=64. Maximum error and CPU time
are shown in table 2.

Table 1. Numerical results of test problem 4.1, for N = 8.
t MG BSWTM MBSWTM Exact
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Table 2. Maximum error and CPU time (in seconds) of the methods of test problem 4.1.

0
0.1428
0.2857
0.4285
0.5714
0.7142
0.8571

1

0.0000
0.1423
0.2847
0.4271
0.5698
0.7132
0.8577
1.0043

0.0000
0.1423
0.2847
0.4271
0.5698
0.7132
0.8577
1.0043

0.0000
0.1423
0.2847
0.4271
0.5698
0.7132
0.8577
1.0043

0
0.1428
0.2857
0.4286
0.5719
0.7158
0.8609
1.0083

N Method E Setuptime  Runningtime  Total time
MG 8.72e-04 0.2599 0.0296 0.2895
16 BSWTM 8.72e-04 0.0470 0.0107 0.0578
MBSWTM 8.72e-04 0.0462 0.0030 0.0492
MG 2.04e-04 0.1722 0.0321 0.2043
32 BSWTM 2.04e-04 0.0975 0.0098 0.1073
MBSWTM 2.04e-04 0.0648 0.0029 0.0677
MG 4.95e-05 0.1848 0.0334 0.2182
64 BSWTM 4.95e-05 0.1385 0.0109 0.1494
MBSWTM 4.95e-05 0.0894 0.0032 0.0926
MG 1.21e-05 0.3431 0.0117 0.3548
128 BSWTM 1.21e-05 0.2226 0.0310 0.2536
MBSWTM 1.21e-05 0.1798 0.0041 0.1839
1.4¢ T 5 T T T T 5 T 5
Exact
* MG
1.2 -+ BSWTM
MBSWTM
1 -
% 0.8 -
2
S 0.6 .
E
=
0.4 u
0.2 .
95 O.rl O.r2 0.r3 O.r4 0.r5 O.r6 O.r7 O.r8 O.r9 1

t

Figure 1. Comparison of numerical solutions with exact solution of test problem 4.1, for N=64.

Test problem 4.2 Next, consider the Volterra integro-differential equations [29]

u'(t)=1—2tsin(t)+ju(s)ds, u(0)=0, 0<t<1

(4.2)

which has the exact solution U(t) =t c0oS(t). We convert the Volterra integro-differential equation to

equivalent Volterra integral equation by using the well-known formula, which converts multiple
integrals into a single integral.

ie.,

ju(t)dt" -

t

(n=1)!

0

j (t —s)"'u(s)ds

98|
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Integrating Eq. (4.2) on both sides from 0 to t and using the initial condition and also converting the
double integral to the single integral, we obtain

u(t) = f (t) +jk(t, s)u?(s)ds, (4.3)

where k(t, s)=(t—s) and f (t)=t — 2sin(t) + 2t cos(t).
The numerical solutions of Eq. (4.2) are presented in table 3 for N = 16 and in figure 2 for N = 64.
Maximum error analysis and CPU time is shown in table 4.

Table 3. Numerical results of test problem 4.2, for N = 16.

t MG BSWTM MBSWTM Exact

0 0.0000  0.0000 0.0000 0
0.0666 0.0664 0.0664 0.0664 0.0665
0.1333 0.1320 0.1320 0.1320 0.1321
0.2000 0.1958 0.1958 0.1958 0.1960
0.2666 0.2570 0.2570 0.2570 0.2572
0.3333 0.3147 0.3147 0.3147 0.3149
0.4000 0.3681 0.3681 0.3681 0.3684
0.4666 0.4164 0.4164 0.4164 0.4167
0.5333 0.4588 0.4588 0.4588 0.4592
0.6000 0.4947 0.4947 0.4947 0.4952
0.6666 0.5234 0.5234 0.5234 0.5239
0.7333 0.5443 0.5443 0.5443 0.5448
0.8000 0.5568 0.5568 0.5568 0.5573
0.8666 0.5604 0.5604 0.5604 0.5610
0.9333 0.5548 0.5548 0.5548 0.5554

1 0.5396  0.5396 0.5396 0.5403

Table 4. Maximum error and CPU time (in seconds) of the methods of test problem 4.2.

N Method E Setuptime  Runningtime  Total time

MG 6.90e-04 0.2644 0.0296 0.2939

16 BSWTM 6.90e-04 0.0486 0.0125 0.0611
MBSWTM 6.90e-04 0.0494 0.0054 0.0548

MG 1.61e-04 0.1716 0.0307 0.2022

32 BSWTM 1.61e-04 0.0700 0.0117 0.0817
MBSWTM 1.61e-04 0.0623 0.0042 0.0664

MG 3.91e-05 0.1914 0.0308 0.2222

64 BSWTM 3.91e-05 0.1824 0.0122 0.1946
MBSWTM 3.91e-05 0.1028 0.0038 0.1066

MG 9.65e-06 0.3804 0.0116 0.3920

128 BSWTM 9.65e-06 0.2439 0.0357 0.2796
MBSWTM 9.65e-06 0.1912 0.0031 0.1943

Test problem 4.3 Next, consider the linear Fredholm integral equation [30],
1
u(t) =t> — (6 —2exp(1)) exp(t) + j exp(t+s)u(s)ds, 0<t<1 (4.4)
0

which has the exact solution u(t) = t®. The numerical solutions of Eq. (4.4) is obtained through the

method as explained in section 3 compared with the exact and existing method are shown in table 5
and in the figure 3 for N=64. Maximum error and CPU time are shown in table 6.
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0.7 ¢ T T T T T T T T T
Exact
*
0.6 MG |
+ BSWTM
MBSWTM PSS -
0.5~ - B
[%2)
j
=]
3 0.4 .
o
(2]
©
L <
s 0.3 = m
2 <
)
Z =
0.2+ ) -
0.1 -
0 r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. Comparison of numerical solutions with exact solution of test problem 4.2, for N=64.

Table 5. Numerical results of test problem 4.3, for N = 16.

t MG BSWTM MBSWTM Exact

0 -0.0018 -0.0018 -0.0018 0
0.0666 -0.0016 -0.0016 -0.0016  0.0002
0.1333 0.0002  0.0002 0.0002 0.0023
0.2000 0.0057  0.0057 0.0057 0.0080
0.2666 0.0165  0.0165 0.0165 0.0189
0.3333 0.0344  0.0344 0.0344 0.0370
0.4000 0.0612 0.0612 0.0612 0.0640
0.4666 0.0987  0.0987 0.0987 0.1016
0.5333 0.1485  0.1485 0.1485 0.1517
0.6000 0.2126 0.2126 0.2126 0.2160
0.6666 0.2927  0.2927 0.2927 0.2962
0.7333 0.3905  0.3905 0.3905 0.3943
0.8000 0.5079  0.5079 0.5079 0.5120
0.8666 0.6466  0.6466 0.6466 0.6509
0.9333 0.8083  0.8083 0.8083 0.8130

1 0.9950  0.9950 0.9950 1
Table 6. Maximum error and CPU time (in seconds) of the methods of test problem 4.3.
N Method E o Setuptime  Runningtime  Total time

MG 4.97e-03 0.2854 0.0330 0.3184

16 BSWTM 4.97e-03 0.0621 0.0106 0.0727
MBSWTM 4.97e-03 0.0543 0.0030 0.0574

MG 1.16e-03 0.2933 0.0308 0.3241

32 BSWTM 1.16e-03 0.0666 0.0116 0.0782
MBSWTM 1.16e-03 0.0665 0.0033 0.0698

MG 2.82e-04 0.2651 0.0306 0.2957

64 BSWTM 2.82e-04 0.1506 0.0107 0.1613
MBSWTM 2.82e-04 0.1064 0.0045 0.1109

MG 6.95e-05 0.4965 0.0120 0.5085

128 BSWTM 6.95e-05 0.4575 0.0335 0.4910
MBSWTM 6.95e-05 0.2596 0.0040 0.2636
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1.2¢ T T T T T T T T T
Exact
* MG
M+ Bswm i
MBSWTM

Numerical solutions

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3. Comparison of numerical solutions with exact solution of test problem 4.3, for N=64.

Test problem 4.4. Next, consider the linear Fredholm integro-differential equation [31],
1
u"(t) :exp(t)—t+tjsu(s)ds, u(0)=1 u'(0)=1 0<t<1 (4.5)
0

which has the exact solution u (t) = e'.
Integrating the Eq. (4.5) twice w.r.to t and using the initial conditions, we get
u(t) =exp(t) ——+—| su(s)ds,
(1) =exp(t) -+ j ()
Solving this equation, we obtain the numerical solutions of Eq. (4.5) through the present method as
explained in section 3 compared with the exact and existing methods are shown in table 7 and in the
figure 4 for N=64. Maximum error and CPU time are shown in table 8.

Table 7. Numerical results of test problem 4.4, for N = 16.

t MG BSWTM MBSWTM Exact

0 0.0000 0.0000 0.0000 0
0.0666 -0.0622 -0.0622 -0.0622 -0.0622
0.1333 -0.1155 -0.1155 -0.1155 -0.1155
0.2000 -0.1600 -0.1600 -0.1600 -0.1600
0.2666 -0.1955 -0.1957 -0.1957 -0.1957
0.3333 -0.2222 -0.2224 -0.2224 -0.2224
0.4000 -0.2400 -0.2403 -0.2403 -0.2403
0.4666 -0.2488 -0.2493 -0.2493 -0.2493
0.5333 -0.2488 -0.2494 -0.2494 -0.2494
0.6000 -0.2400 -0.2405 -0.2405 -0.2405
0.6666 -0.2222 -0.2227 -0.2227 -0.2227
0.7333 -0.1955 -0.1959 -0.1959 -0.1959
0.8000 -0.1600 -0.1602 -0.1602 -0.1602
0.8666 -0.1155 -0.1156 -0.1156 -0.1156
0.9333 -0.0622 -0.0622 -0.0622 -0.0622

1 0.0000 0.0000 0.0000 0
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Table 8. Maximum error and CPU time (in seconds) of the methods of test problem 4.4.

N Method = Setuptime  Runningtime  Total time
MG 2.83e-04 0.2993 0.0295 0.3288
16 BSWTM 2.83e-04 0.0463 0.0088 0.0551
MBSWTM 2.83e-04 0.0498 0.0042 0.0540
MG 6.63e-05 0.1960 0.0302 0.2263
32 BSWTM 6.63e-05 0.0728 0.0102 0.0830
MBSWTM 6.63e-05 0.0589 0.0046 0.0635
MG 1.60e-05 0.2054 0.0308 0.2362
64 BSWTM 1.60e-05 0.1655 0.0145 0.1800
MBSWTM 1.60e-05 0.1015 0.0042 0.1057
MG 3.95e-06 0.3600 0.0121 0.3721
128 BSWTM 3.95e-06 0.2226 0.0329 0.2554
MBSWTM 3.95e-06 0.1905 0.0034 0.1939
2.8. C C L C C L C L C
Exact r
26H * MG e
- BSWTM A
24+ &+ MBSWTM -
w 2.2 el -
5
ER )
B Pe
'g 1.8 A4 -
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Figure 4. Comparison of numerical solutions with exact solution of test problem 4.4, for N=64.

5. Conclusions

We proposed a biorthogonal spline wavelet transform method using wavelet intergrid operators
based on biorthogonal spline wavelet filter coefficients for the numerical solution of integral and
integro-differential equations. Wavelet intergrid operators of prolongation and restrictions are
defined, a MBSWTM, has been shown to be effective and versatile. Test problems are justified
through the error analysis, as the level of resolution N increases for higher accuracy. The numerical
solutions obtained agree well with the exact ones, as increasing the number N used. In this paper, the
multigrid method, BSWTM and MBSWTM shows the error’s are same, but the CPU time changes.
The standard multigrid method and BSWTM converges slowly with larger computational cost as
compared to MBSWTM ensure such slower convergence with lesser computational cost as shown in
the tables. The numerical implementation from the tables demonstrates the accuracy of the
approximations and super convergence phenomena with less CPU time. Hence, the proposed scheme
is very convenient and efficient than the existing standard methods.

102 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 0 Impact Factor: 6.765

References
[1] Thiem, H.R., “A model for spatio spread of an epidemic,” J. Math. Biol., vol. 4, pp. 337-351, 1977.
[2] Wazwaz, A.M., “Linear and Nonlinear Integral Equations Methods and Applications,” Springer, 2011.
[3] Jerri, A., “Introduction to integral equations with applications,” A wiley-interscience publication, Wiley,1999.
[4] Atkinson, K.E., “The numerical solution of integral equations of the second kind,” Cambridge university press,
1997.
[5] Wesseling, P., “An introduction to Multigrid Methods,” Wiley, Chichester, 1992.
[6] Briggs, W.L., Henson, V.E. and McCormick, S.F., “A Multigrid Tutorial,” SIAM, Philadelphia, 2000.
[7] Trottenberg, U., Oosterlee, C.W. and Schuler, A., “Multigrid,” Academic Press, London, 2001.
[8] Hackbusch, W., “Multi-grid methods and applications,” vol. 4, Springer-Verlag, Berlin, 1985.
[9] Hackbusch, W., “Integral Equations: Theory and numerical treatment,” Inter. Ser. Numer. Math., Springer verlag,
New York, 1995.
[10] Schippers, H., “Multigrid methods for boundary integral equations,” Numerische Mathematik, vol. 46(3), pp.
351-363, 1985.
[11] Schippers, H., “Application of multigrid methods for integral equations to two problems from fluid dynamics,”
J. Comp. Phys., vol. 48, pp. 441-461, 1982.
[12] Géspér, C., “A fast multigrid solution of boundary integral equations,” Envir. Soft., vol. 5(1), pp. 26-28, 1990.
[13] Lee, H., “Multigrid method for nonlinear integral equations,” Korean J. Comp. Appl. Math., vol. 4, pp. 427 —
440, 1997.
[14] Paul, S., “Numerical multigrid algorithm for solving integral equations,” Ball state university, Muncie, Indiana,
2014.
[15] Leon, D.D., “A new wavelet multigrid method,” J. Comp. Appl. Math., vol. 220, pp. 674-685, 2008.
[16] Bujurke, N.M., Salimath, C.S., Kudenatti, R.B. and Shiralashetti, S.C., “A fast wavelet-multigrid method to solve
elliptic partial differential equations,” Appl. Math. Comp., vol. 185(1), pp. 667-680, 2007.
[17] Bujurke, N.M., Salimath, C.S., Kudenatti, R.B. and Shiralashetti, S.C., “Wavelet-Multigrid analysis of squeeze
film characteristics of poroelastic bearings,” J. comp. Appl. Math., vol. 203, pp. 237-248, 2007.
[18] Bujurke, N.M., Salimath, C.S., Kudenatti, R.B. and Shiralashetti, S.C., “Analysis of Modified Reynolds equation
using Wavelet-Multigrid Scheme,” An Inter. J. Numer. Meth. Part. Diff. Equ., vol. 23, pp. 692-705, 2007.
[19] Avudainayagam, A. and Vani, C., “Wavelet based multigrid methods for linear and nonlinear elliptic partial
differential equations,” Appl. Math. Comp., vol. 148, pp. 307-320, 2004.
[20] Shiralashetti, S.C. and Kantli, M.H., “Wavelet based decoupled method for the investigation of surface roughness
effects in elastohydrodynamic lubrication problems using couple stress fluid,” Ain Shams Eng. J. (article in press)
2016.
[21] Shiralashetti, S.C., Kantli, M.H. and Deshi, A.B., “New wavelet based full-approximation scheme for the
numerical solution of nonlinear elliptic partial differential equations,” Alex. Eng. J., vol. 55, pp. 2797-2804, 2016.
[22] Wang, G., Dutton, R.W. and Hou, J., “A fast wavelet multigrid algorithm for solution of electromagnetic integral
equations,” Micro. Opti. Tech. let., vol. 24(2), 2000.
[23] Unser, M., “Ten good reasons for using spline wavelets. Wavelets Applications in Signal and Image Processing
V,” Proc. Spie., vol. 3169, pp. 422-431, 1997.
[24] Cohen, A., Daubechies, I. and Feauvean, J., “Biorthogonal based of compactly supported wavelets,” Comm. Pure
Appl. Math., vol. 45, pp. 485-560, 1992.
[25] Sweldens, W., “The construction and application of wavelets in numerical analysis,” PhD. Thesis, Department
of Computer Science, Katholieke Universiteit Leuven, Belgium, 1994.
[26] Ruch, D.K. and Fleet, P.J.V., “Wavelet theory an elementary approach with applications,” John Wiley and Sons,
20009.
[27] Kotsireas, I.S., “A Survey on Solution Methods for Integral Equations,” 2008.
[28] Blyth, W.F., May, R.L. and Widyaningsih P., “Volterra integral equations solved in fredholm form using walsh
functions. ANZIAM J., vol. 45, pp. C269-C282, 2004.
[29] Biazar, J. and Asadi, M.A., “Galerkin RBF for Integro-differential Equations,” British J. Math. Comp. Sci., vol.
11(2), pp. 1-9, 2015.
[30] Sweilam, N.H., Khader, M.M. and Kota, W.Y., “On the Numerical Solution of Hammerstein Integral Equations
using Legendre Approximation,” Inter. J. Appl. Math. Res., vol. 1(1), pp. 65-76, 2012.
[31] Rahman, M., “Integral Equations and their Applications,” WIT Press, Southampton, Boston, 2007.
103 International Journal of Engineering, Science and Mathematics

http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://link.springer.com/journal/211
http://www.sciencedirect.com/science/article/pii/026698389090013V
http://www.sciencedirect.com/science/journal/02669838
http://www.sciencedirect.com/science/journal/02669838/5/1
http://scholar.google.co.in/citations?view_op=view_citation&hl=en&user=hmhiJjAAAAAJ&citation_for_view=hmhiJjAAAAAJ:9yKSN-GCB0IC
http://scholar.google.co.in/citations?view_op=view_citation&hl=en&user=hmhiJjAAAAAJ&citation_for_view=hmhiJjAAAAAJ:9yKSN-GCB0IC

